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1. Introduction 
In recent years, considerable progress has been made in evaluating algorithmically, by 
symbolic omputation on a computer, several classes of indefinite integrals. However, far 
fewer procedures eem to be available for the algorithmic computation of definite 
integrals. This is hardly surprising in view of the many different methods that are required 
to evaluate such integrals, some of them needing special tricks and a certain amount of 
experience. 
In this paper we report on a symbolic procedure that has been implemented in REDUCE 
for the evaluation of a class of definite integrals involving powers of exponentials and 
logarithms. In integral tables, these integrals can only be found for some particular values 
of the parameters. The symbolic procedure works uniformly for all values of the 
parameters (within the time and space limitations of the given machine). It is based on 
theoretical results derived in a series of recent papers, see (K61big, 1982, 1983a, b, 1985). 
These results show how the integrals considered can be represented as multiple sums 
involving Bernoulli, Euler, and Stirling numbers and the coefficients Ck that appear in the 
power series expansion of certain functions involving products and quotients of gamma 
functions. The symbolic determination of the coefficients Ck (depending on a number of 
parameters) and the simplification of the multiple sums can be totally automatised by 
using a computer algebra system. It is very tedious to carry these symbolic manipulations 
out by hand. Hence, the determination of the integrals involves, on the one hand, a 
mathemat.ical derivation that has been carried out by hand once and for all in the cited 
papers and, on the other hand, the evaluation of certain sums for specific parameter 
values by a symbolic procedure programmed in a computer algebra system. In section 2, 
we define the coefficients Ck and state a recurrence relation for the Ck suitable for 
symbolic evaluation. In section 3, a compilation of the sum representations of the 
integrals is given that can be read as symbolic procedures for the evaluation of the 
integrals. Some examples of the results of a REDUCE program evaluating these sums are 
provided in section 4. 
2. An Auxiliary Procedure 
For the evaluation of some of the integrals we shall need the coefficients of the power 
series of a certain product of gamma functions multiplied by the exponential function. 
These coefficients can be computed by symbolic algebra. We start from the power series 
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expansion (Gradshteyn & Ryzhik, 1980, No. 8.342) 
h(a; a t, cz,, Ca) = In [a -~ F(1 + elx)F(1 + c~2x)] 
= ( -  + (2.1) 
k=2 K 
(a > 0, Ix[ < 1/max (1~11, led, IcC)), 
where 7 = 0.57721 ... is Euler's constant, and ((k) is the Riemann zeta function. 
In order to obtain the coefficients of the power series for 
H(a; :q, c~ z, ~)  = exp h(a; o: t, c~z, ~3) = ~ Ck(a; St, C~2, Cq)X k (2.2) 
k=O 
we apply a recurrence procedure given by Knuth (1969, p. 561) and elsewhere, and obtain 
C0(a; ~,, ~2, ~a) = I 
(2.3) 1 
C~(a; cq, c~ 2, cq) = ~ ~=~l c,,(a; cq, c¢ 2, c¢3)Ck_r(a; ~l., ~2, g3), (k ~ 1) 
where, from (2.1), 
~- ln  a- -~(~ 1 "}-~X 2 -~3)  (/¢ ----- 1) 
c,:(a; a l, 72, ~3) = L ( -  1)~(a~ +a~-a~){(rc) 0c > 1). 
3. The Integrals 
In what follows, Ck(a; Cq, CZ2, ~3) is defined by (2.3); B i and E~ are the Bernoulli and Euler 
numbers, respectively, 'as defined in Abramowitz & Stegun (1966), No. 23.1.1-3. S~ j~ are 
the Stirling numbers of the first kind, defined by recurrence, or directly by Schl6milch's 
representation (Abramowitz & Stegun, 1966, No. 24.1.3; Comtet, 1974, p. 216). 
We also introduce the abbreviation 
We now list nine integrals which have recently been treated in detail in K61big (1982) 
iformula (3.1)), (1983a)(3.2), (1983b) (3.3) and (3.4), (1985) (3.5) to (3.9): 
~ l t -~ ln" t lnP(1- t )dt  
} 
=--2n+P +t cottln, sintlnPcostdt 
(3.1) 
(n = 0, 1,2 . . . . .  p= 1,2,3 . . . .  ), 
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f /  t -½ t (1 - t )  In" In p dt 
= 2 ~ + P + ~ ln" sin t In p cos t dt 
=~MP! ~ C"-'(4;2'O'l'p~o = 
(n,p = 0, 1,2 . . . .  ), 
f;e-~'tt nln m dt 2 m+l _In e-#t2t2n+l in ~ dt t t 
rain (m, n) 
=(_ l ) .g -~- lm!  ~ - p (p+l) . (1 )  S,,+~ Cm-p(#, 1,0.0), 
p~O 
(Re p > 0; n, m = 0, 1, 2 . . . .  ), 
(3.2) 
(3.3) 
e-"tt "-~ ln" t dt = 2 "+ l  f ;  e-~t2t ~ Inm t dt 
rain {m, n) 
= V/-~( - 1)"# - " -~m!  2 ~(p, n)C,._p(4/~; 2, O, 11, 
p=O 
(Re Fl > 0; n, m = 0, 1, 2 . . . .  ), 
(3.4) 
f oo x" In" x 
o (1 + f ix) l 
- - d x  = - -  
_ ( - -  1) l+'n m[  rain (re, n) ,~(ml + 1) rain (m -ml, l -n -2 )  
~n+ 1 f ln+l  ( I - -  ][)] m,=02 m2=02 ( -  1 )m slm-~+--~ ' 
m-m~-~, [2 m~- 211B,,~I ~,.~ ln ,~-m, - , ,2 -~ fl, 
x m~=o~" ma[(m--ml-m2--ma)! 
(largfl] < ~, n >~ O, l >~ n+2,  m >1 0), 
(3.5) 
f; x" lnmx dx (1 -x )  z 
= ( -  1) m+,,+t - -  m! ~ e(m~+ I) 
( l -  1)[ ml=O ~'n+l 
, - . -5  (270 
Z ,.~=o (m-m1--m2)! 
(n >f O, 1 >t n+ 2, m >I I-i), 
(3.6) 
f ; x n- ~r in m 
(1 +fix) zx dx 
( _  1)l+.,+ 1 
fln+ ~ 
7tl -m l --1712 
× E 
m3=O 
DT[ rain (re, n) min(m-ml, l -n-1)  
q- )t ml m2=0 
iE,.~lT~m + 1 lnm-m,-m2 -ma fl, 
m3! (m-- m 1 -- m 2 -- m3)! 
g(m2, l -  n -  1) 
([arg fl[ < n, n ~> 0, 1/> n+ 1, m i> 0), 
(3.7) 
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: x"- ½ In" x 
(1 -x )  l dx 
: ( __ l ) l+m+n+l  m[ 
( l -  1)-----~ ~ ( -  1)"'g(ml, n) 
ral=O 
l -n -  1 (2m-mr -raz+ 1 x ~. g(ma, l-n-1)(2n) "-m'-m2+l -1)lBm-m~-"2+ll 
,.~=o (m-ml -m2 + 1)t 
(n >~ O, l >>. n + l, m >>. l--1), 
(3.8) 
fO ~ x n In m x 
(i + fix) t -  ~ dx 
(_1)~ 21-tm! mi.(.,,.) 
~.-- .L/ ~n+l  fl "+1 (21-3)!t m,=o~ t n.,,¢(,.,+1) 
rain (m-m1, l -n -2 )  
x . ~ (--1)m'g(m2, l--n--2)Cm_,,~_m2(¼fl; 1, --2, --1), (3.9) 
1'/12=0 
(largfll < z, n/> 0, l I> n+2, m)  0). 
In formulae (3.5) to (3.9), n, m, and l are integers. The integrals in (3.6) and (3.8) are to be 
understood as Cauchy principal value integrals if m = l -  1. 
Note that 
f :  x"-½1nmx fo (1 +fix) ~-~- dx = ( -  1)"fl ~-l ~ xl-"-  2 (1  + x/[3) lln"- ~-x dx. 
Hence this integral can be obtained from (3.9). For each of the integrals (3.5) to (3,8), there 
exist relations connecting integrals with different parameter values. These relations and a 
short explicit table of these integrals for small values of n, m, and t, obtained by R~r~ucE 
(Hearn, 1984) on the IBM 3081 and a Siemens 7880 at CERN, are given in K61big (1985). 
Listings of the REDUCE programs are available from the author. In these programs, heavy 
use of the SUM operator available in R~DUCE is made. 
4. Some Examples 
Below, we give a set of examples, obtained with REDUCE, in order to illustrate the 
complexity of the results. We have used the well-known formula 
1 (2rc)2k[B2kl 
C(2k) - 2 (2k)~ 
for the Riemann zeta function in order to simplify further the results obtained by (3.1) 
to (3.9). 
fo r- 1 in 5 t In 6 dt 4714153_12 _ 00n6~2(3)_ 67207~4~(3)~(5) (1 t) 
- 14400~z((3)((7)- 72000e2(2(5) +21600(4(3) 
+ 2419200ff(3)~(9) + 2246400~(5)((7). (4.1) 
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fo n/2 {3x6a - g*(13C(3) + 32a 3) 7~ In 5 cos t In 2 sin t dt = 
+ 47rz(60((3)a 2 - 75~(5) - 24a s) 
+ 8(315C2(3)a- 210~(3)a*-  180((5)a 2
+ 135~(7)-24a7)} 
where  a = In 2. 
fo 1 { _ 24cS + 250c* -  20(2zc 2 + 35)c 3 e-U@ In 4 t dt = ~-g 
- 10(48((3) - 25zr 2 - 60)c z 
+ 2(1000~(3)-  9rr 4 -  1757r z - 60)c 
- 80~(3)7r 2 - 1400( (3) -  576~(5) + ~r  4 + 100rr z }, 
wherec=7+ln# (Rep>0) .  
(4.2) 
(4.3) 
f;e-"'t ~/2 lnS t dt x /~ {-~25c4-- 1659c 3 = ~ + 1503-~-~ 2 +95)d 
+ 3(~C(3) -~zc  2 --  460) c 
- ~-}~-~C(3) +~* + ~ + 300}, 
where  c = y + in 4p (Re # > 0). 
fo  x3 Ins x 
(1 + fix) 5 
1 _¼bS - -  dx = ~ { + 2~-{b ' * -  5(~ x2 + 1) b3 +~(t@ n2 + 1) b2 
-n2(~n2 + 5)b +~'~-2'77-2 + 5)}, t~ ~ 
where  b = In/3 (larg fll < re). 
(4.4) 
(4.5) 
Io 
~X 7/2 In 5 x 
(1 +fix) s 
where  b = In/3 
fo 'X Ins x (1 -x )  - - - -~ dx = }7r2(~ 2- 15). 
¢ 35 h5±55h4 5(35~2 ± 43~h3 
dx = ~ i , -7-~~' T ig , ,  -~ta-~,, T 3/~" 
+ (~n2 + 20)b 2 _ (12~{.n4 _ z-~-7c 2 - 5)b + n2( lz~-z n2 + 20)}, 
(larg/31 < ~), 
(4.6) 
(4.7) 
fo  xl/2 ln5 = ~nz(3r r4 -  28rc 2 -24) .  
(1 - x) -Sx-- dx 
fo  x 2 In* x 
(1 + fix) 9/2 
1 f l_l_6._h4J_ 32 ha  t_ 32( 2_~_~2 1)b 2 dx = ~/105 t,' T~t . ,  T 71.15 - -  
+2)b-~(~C( )+~ -~ )}, +~(_4C(3)+½=2 642 3 t rt'* ~rc = 
where  b = in (fl/4) (larg fl[ < n). 
(4.8) 
(4.9) 
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